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Figure 1: (left) energy cascade from large to small vortices in flow turbulence; and (middle) from long to short waves in wave turbulence;
(right) similar energy spectrum for flow or wave turbulence.

Developed by Zakharov, wave turbulence theory (WTT) describes the stationary field of an
ensemble of waves in weakly nonlinear interactions. The equilibrium wave spectrum I(k) can be
obtained from the theory as an analytical power-law solution over a range of wavenumber K,
carrying an energy flux P from large to small scales. This solution can be understood in analogy
with Kolmogorov’s description of the cascade process in the inertial range of turbulent flows (see
figure 1 for an illustration).

Our study on WTT started from capillary waves (ocean surface waves at small scales), which play
an important role in the upper ocean dynamics, and physically represents a class of dispersive
waves allowing triad resonance on a two-dimensional surface. In theory, we reformulated the
derivation, leading to I=CPY?%k1%4 with the Komogorov constant C=21x6.97, corrected from the
previous value of 9.85 derived 15 years ago. Then we established a numerical simulation of the
primitive Euler equations (see figure 2 for a typical simulation), which successfully confirmed the
new analytical result. This resolves a long-term debate on the value of C due to previous
inconsistent analytical, numerical and experimental attempts.

With the theoretical solution confirmed, we further studied the effect of assumptions (e.g. weak
nonlinearity, infinite domain) involved in the derivation. This is important in understanding the
realistic spectrum. We investigated particularly the effect of a finite domain (e.g. waves in a finite
tank) on the capillary wave spectrum, starting from numerical simulations. The simulations
revealed that the spectrum tends to have its power-law slope steepened and energy flux
decreased as the domain size decreases. These variations were found to be caused by the
wavenumber discreteness due to the finite domain, which to some extent suppresses the
nonlinear interactions. Inspired by these findings, we developed a theoretical model named quasi-
resonant kinetic equation which describes the property of stationary spectrum in a finite domain.

Our current study involves several aspects of wave turbulence, including turbulence closure for
discrete wave system, wave turbulence of surface and internal gravity waves, MMT spectra, etc.
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We work on the modeling of propeller flows using the Boundary Element Method (BEM).
Compared to Navier-Stokes simulations, BEM provides a reduced-order model that is desirable
for propeller design. However, the flow separation at the round (or non-zero) trailing edge of
realistic propellers cannot be incorporated. To resolve this issue, We developed an iterative
scheme, coupled with BEM, to model the flow separation zone by a properly extended sharp
trailing edge. The predictions from the developed approach achieve favorable agreement with the
experimental measurements and Navier-Stokes simulations.
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Figure 1: (left) region of the Middle Atlantic Bight, with water depth indicated by contour levels (meter) and mean flow by
vectors; (right) a snapshot of the surface displacement induced by mode-1 IT.

Figure 2: schematic plot of IT propagating from a quiescent field into (left) following and (right) opposing current

We study the generation and propagation of internal tides (internal gravity waves at tidal
frequency) in a rotational and inhomogeneous ocean background with spatially varying mean flow,
buoyancy and topography. For interaction in a vertically bounded domain, the field of internal tide
(IT) can be expanded using a set of modal basis functions which capture its vertical profile, with
the modal amplitudes varying in the horizontal space and time.

We started by deriving the evolution equations of the modal amplitudes, including terms
describing the interactions with the mean field. This provides a reduced-order model of the IT
since most of its energy is contained in the low-mode waves. These equations are verified using
direct simulations of the primitive equations for two regional flows around the Middle Atlantic Bight
and the Palau Island (see figure 1 for an illustration of the former). Significant interactions of the IT
with the mean field are physically present at the continental and insular shelf break, and the gulf
stream. The modal energy budget of the IT at these regions is quantified by considering the
effects of mean-flow advection, energy exchange with the mean field and topographic modal
conversion.

We also considered the interaction of IT with a large-scale barotropic current for which the
evolution of each vertical mode can be decoupled. Under this circumstance the derived modal
evolution equation is reduced to the conservation of modal wave action, and a WKB approach is
established to analyze the interaction. We derived the analytical solutions of the modulation of
wavenumber and energy of a modal IT propagating into a collinear current (see figure 2 for a
schematic plot). These solutions have profound implications on the propagation and dissipation of
IT in the ocean.



